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' Abstract. On a manifold of dimension at least six, let {g, r) be a pair consisting 

^j^, of a Kàhler metric g which is locally Kàhler irreducible, and a nonconstant smooth 

^ ' function T. Off the zero set of r, if the metric 'g — gjr^ is a gradient Ricci soUton 

, which has sohton function l/r, we show that 'g is Kàhler with respect to another 

' complex structure, and locally of a type first described by Koiso. Moreover, r is 

OC , a special Kàhler-Ricci potential, a notion defined in earlier works of Derdzinski 

' and Maschler. The result extends to dimension four with additional assumptions. 

, We also discuss a Ricci-Hessian equation, which is a generalization of the soliton 

' equation, and observe that the set of pairs {g, r) satisfying a Ricci-Hessian equation 

^"1 , is invariant, in a suitable sense, under the map {g,T) — > (g, l/r). 

^ ■ 

I — 1. Introduction 

^ I In this paper we study pairs {g, r) on a manifold M of dimension larger than two, 

■ where g is a Riemannian metric and r is a smooth nonconstant function. In this 
^ ■ context, an important role will be played by the map {g,T) = {q/'t'^ì V''") 

on the set of ali such pairs. On M\r~^(0), this map is a well-defìned involution. We 

will cali r) the associated pair oi {g.r). 

O ' We say that a pair satisfies a Ricci-Hessian equation if 

t — ' 

(3! (1.1) Q;V(ir + r = 75f 

■ holds for the Hessian of r, the Ricci tensor r of q, and some coefficient functions 
^ , a and 7. If a and 7 are Constant, the pair, or sometimes just the metric, is called a 

^ [ gradient Ricci soliton. 

- - ' Before stating our main result, we note a closely related fact: the set of pairs 

satisfying a Ricci-Hessian equation is invariant under our involution. The latter is 
well-defined once the domain of each pair is further restricted (see §2.21) . In this 
setting we cali it the duality map. 

A part of our main result may be stated informally as foUows. Consider two 
subsets of the set of ali pairs on M: those for which the metric is Kàhler (and locally 
irreducible in a suitable sense, see below), and pairs which are gradient Ricci solitons. 
Assuming a restriction on the dimension of the manifold, if the involution maps an 
element of the first subset to an element of the second one, the latter element lies in 
the intersection of the two subsets. More precisely, 

Theorem A. Let M be a manifold of dimension at least six, and {g,T) a pair as 
above, with g a Kdhler metric. Suppose g is not a locai product of Kdhler metrics in 
any neighborhood of some point of M. If the associated pair (g, r) is a gradient Ricci 
soliton, then, on M\t^^{0), the metric Tj is Kdhler. 

The complex structures giving the Kàhler structures of g and ^ are oppositely 
oriented. Also, with an extra assumption, the result extends to real dimension four. 
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The proof, in fact, yields much more information on both pairs. First, r is a 
special Kàhler- Ricci potential. This notion (Definition I3.4p was first defined in 
and implies that r is a Killing potential, and that fll.ip holds in some (generically 
nonempty) open set of the manifold. Second, the Kàhler- Ricci soliton (g, r) is locally 
of a type first described by Koiso in (see also 

Although our result is of a locai character, one should note that there exist compact 
manifolds, specifically toric Fano ones, which admit Kàhler- Ricci solitons [12], most 
of which are not of the form found by Koiso. 

In the foUowing we describe a few related problems of a broader scope. The in- 
volution above is defined in part via a conformai change, and one can ask whether, 
starting with a Kàhler metric g, one can find a metric g/r"^, for some function r as 
above, which is a Ricci soliton. The case where g/r'^ is Einstein, was the subject of 
the study of [6l[7ll8], where locai and global classifications were given, and, in ali even 
dimensions larger than four, r turns out to be, in fact, a special Kàhler-Ricci poten- 
tial. In dimension four this need not be the case, and different compact examples 
where recently shown to exist in [5J. 

For the case of Ricci solitons, no such general results are known, even if one assumes 
that r is a special Kàhler-Ricci potential. Our result can be considered a first step 
in an attempt to answer this question. For more on this topic, see the material 
surrounding Proposition 13. li 

In various talks, G. Tian has asked whether there exist compact non-Kàhler Ricci 
solitons in dimension four. Extending the question to ali dimensions, one may answer 
it affirmatively via constructions involving products. Ignoring these fairly simple 
examples, one can try to produce such a Ricci soliton in the conformai class of a 
Kàhler metric (at least in dimension four, it is not too difficult to see that there can 
be no more than two Kàhler metrics in a given conformai class). Our result can be 
regarded as implying that, in a special case, such an attempt will fall. 

Finally, recali the result of Schur, stating that if r = (pg for some function 0, 
then, except in dimension two, (f) must be Constant. A similar principle holds for 
Kàhler-Ricci solitons, for the coefficient of g, and one may ask whether it holds for 
any Ricci soliton, or, equivalently, whether there exist pairs for which fll.ip holds 
with the coefficient of V(ir Constant, but not the coefficient of g. In unpublished 
work, A. Derdzinski has shown that such pairs do exist on compact manifolds. In 
fact, on these manifolds there are families of pairs t), with g Kàhler, for which the 
associated pairs (^, r) are each of this type, and in fact are obtained by deforming 
one of the Einstein metrics in P]. 

This paper is arranged as follows. Riemannian preliminaries on duality and Ricci 
solitons appear in ^ Consequences of the Kàhler condition for fll.ip . along with a 
review of the basic properties of metrics with a special Kàhler-Ricci potential, are 
given in ^ Ordinary differential equations associated with a large class of such 
metrics are studied in §U especially in relation to the assumption that the associated 
pair forms a Ricci soliton, and we give an analysis of their solution set. After recalling 
the geometrie structure of a Kàhler metric admitting a special Kàhler-Ricci potential, 
and presenting a duality result in this context in §3, we summarize our results in §H] 
by proving Theorem 16. H from which Theorem |X] easily follows. Our conventions 
throughout closely foUow [H]. 
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2. Ricci-Hessian equations, duality and Ricci solitons 

2.1. conformai changes. Let (M, g) he a Riemannian manifold of dimension n, and 
T : M —>■ M. a nonconstant C°° function. We write metrics conformally related to g 
in the forni ^ = g/r"^, and we set Q = g(VT, Vr). We always consider the metric ^ 
on its domain of definition, i.e. the set M\r~^(0). With respect to ^, the Hessian of 
a given function / on M\ t~^(0) is given by 

(2.1) W/ = Vdf + T-'[2drQdf-giWr,Wf)g], 

where drQdf = {dr ®df + df® dT)/2. We will be concerned primarily with the case 
where df Adr = 0, i.e., at points where 7^ 0, / is given locally as a composition / = 
Hot. Inthiscase, (fH]) becomes W/ = f'Vdr +{f" + 2T-^f') dr^dr- f Q g, 
with ' denoting differentiation with respect to r. For the particular choice of / = r~^, 
this expression simphfies: 

(2.2) VdT-^ = -T-^{ Wdr - r'^Qg), ii g = g/r^ 

We conclude by recording the conformai change expression relating the Ricci ten- 
sors of g and ^, with A denoting the Laplace operatori 

(2.3) r = r + (n - 2) r'^Vdr + [r^^Ar - {n - 1) t'^Q] g. 

2.2. Ricci-Hessian equations and duality. With M, g, t and other notations as 
above, we say that the pair {g, r) satisfies a Ricci-Hessian equation on M (or often 
just on an open set of M), if fll.lj) holds there. We record this equation more explicitly 

as 

(2.4) aVdr + r = 7 (7, with r nonconstant, 

where Vdr and r are as above, and a, 7 are C°° coefìicient functions. What we 
will cali duality may be regarded informally as an involution on the space of pairs 
satisfying (12. 4p : 

Proposition 2.1. Let M have dimension n> ?>, and suppose a pair {g,T) as above 
satisfies a Ricci-Hessian equation ( [^^^[ ) on M. Then the pair {g, r) = {g/r"^, 1/r) also 
satisfies a Ricci-Hessian equation aVdr = 7^, on M\t~^{0), with coefficients 

(2.5) a = {n-2)T - r^a, 7 = 7r^ - (1 + aT)Q + tAt. 

In fact, letting P denote the coefficient of g in (12.31) . one has, by (12.21) and (12. 3p . 

aWf+r = {{n-2)T-T'^a){-r~'^VdT +T"^Qg)+ I +{n-2)T'^VdT + pg 
= a Vdr + r + {ar^^Q + f3)g = {'y + ar^^Q + (3)T'^g, 

and one easily checks that the last expression is 7^. 

Remark 2.2. As mentioned in the introduction, the pair (^, r) will be called the 
associated pair. It is not necessarily defined on ali of M, and it also does not determine 
the coefficients a, 7 uniquely at every point of M. Hence, to consider {g,T) — > (^, r) 
as an involution on the set of metrics satisfying (12.41) for some smooth coefficients a 
and 7, one has to restrict consideration to the complement in M of t~^(0) and the 
closed set of points where Vdr is a multiple of g. In some cases one may also consider 
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coefficients with isolateci singularities, in wliich case those singularities also must be 
excluded ^ ^ 

To verify the involutive property, one easily checks that a = a, while 7 = 7 foUows 
from this, as g, r and a determine 7 uniquely. One can also check the last relation 
directly, using the following formulas for the two functions Q = ^(Vr, Vr) and Ar: 

Q = T''^Q, Af = riT-^Q - Ar. 

Remark 2.3. For any pair (^f, r) satisfying (12. 4p . one can produce another such pair by 
an affine change in r (a nonconstant one). If this affine change involves only a change 
by an additive Constant, it leaves equation (12. 4p invariant. This freedom induces, of 
course, a freedom in the choice of r , which will be exploited in Proposition 15. li 

2.3. Ricci solitons. A Ricci soliton [H] is a Riemannian manifold (M, ^) such that 
£v'g + = e ^ for some Constant e and C°° vector field v on M. Here £jj is the Lie 
derivative and 'r denotes the Ricci tensor of ^. We will only be interested in gradient 
Ricci solitons, in which M admits a function / : M — ^ R with 

(2.6) Vdf + ì: = for a Constant e. 

We will cali / the soliton function. By a result of Perelman flTi Remark 3.2], every 
compact Ricci soliton (M, ^) is a gradient Ricci soliton. Recali also that a metric is 
Einstein if its Ricci tensor is a multiple of it. 

Thus a gradient Ricci soliton is nothing but a pair (j), f) satisfying a Ricci-Hessian 
equation with Constant coefficients. Using (12.21) and (12.31) . or, more naturally, the 
duality of Proposition 12.11 (slightly modified to allow r to be multiplied by a Constant) , 
we have 

Proposition 2.4. Let {M,g) be a Riemannian manifold of dimension n > 2 and r a 
nonconstant C°° function. The Ricci soliton equation Vd{bT~^) + = e^, with b a 
Constant, holdsforg = r^'^g on M\r"^(0), if and only if g satisfies a Ricci-Hessian 
equation ^2.4\ ) with coefficients 

(2.7) a = {n-2)T-^ -br-^, 7 = e r^^ - r^^Ar + ((n - 1) r^^ - òr^^) Q. 

Remark 2.5. The introduction of the Constant b is not, strictly speaking, necessary for 
later development, but serves to compare with the conformally Einstein case, which 
occurs when 6 = 0: relations (12. 7p with 6 = are implied by [6l (6.1) and (6.2)], 
which hold in that case. It follows from this that an Einstein metric cannot also 
satisfy a Ricci soliton equation (12.61) with the soliton function a nonzero multiple of 
T~^. Note that for other nonconstant soliton functions, this is possible. 

Remark 2.6. Here and in Proposition 13.11 we briefiy consider the conformai change 
equation for g, which yields a gradient Ricci soliton ^ with an arbitrary soliton func- 
tion /. An analogous calculation using equation (12. 3p yields 

r + (n - 2)r- Vc^r + Vdf + It'^ dr df 

(2.8) = [cT-^ + {n-l)T-^Q-T-^AT + T-^g{VT,Vf)]g. 
li df A dr = 0, this gives 

r + (/' + (n - 2) r'i) Vrfr + (/" + 2r- V) rfr ® rfr 

(2.9) = [e - r'^Ar + {{n - l)r-^ + V) Q] g. 
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We can conclude from this that a particular choice for / will eliminate the Hessian 
terni. Namely, setting / = — (n — 2)log|r|, the metric ^ is a Ricci soliton metric 
precisely when 

r - (n - 2) r"^ dT®dT = [r"^ {e + Q) - r"^ Ar] g . 

However, while this equation looks quite simple, it implies that g cannot be Kàhler 
(unless n = 2 or r is Constant). This is another reason, apart from duality consider- 
ations, why we will focus on the case of a soliton function proportional to r~^. 

3. Ricci-Hessian equations and SPECIAL KÀHLER- Ricci potentials 

3.1. The Ricci-Hessian equation and Ricci solitons. Let (M, J) be a complex 
manifold, with J the associated almost complex structure. Suppose g ìs a, Kàhler 
metric on M, i.e a Riemannian metric for which J is parallel. Let [g, r) be a pair 
satisfying the Ricci-Hessian equation (12. 4p on M . The Kàhler property implies that 
both g and r are Hermitian, hence so is Vrfr on the support of a. In many of our 
applications, this support will be a dense set in M. This property of Vrfr is equivalent 
to the statement that r is a Killing potential, i.e. a C°° function for which JVr is a 
Killing vector field (cf. [6] Lemma 5.2]). 

In the Kàhler case, ìi g/r^ ìs a. Ricci soliton, certain restrictions on the soliton 
function force it to be proportional to, or at least affine in r~^. 

Proposition 3.1. Let {M,g) be a Kàhler manifold with a Killing potential r, and 
^ = g/r"^ a Ricci soliton with a r-dependent soliton function f . Then f is an affine 
function in t~^. 

Proof. As (12. 9 p holds under our assumptions, and dr ® dr is the only term in it that 
is not Hermitian, its coefficient /" + 2r~^/' must vanish, implying the conclusion. □ 

Remark 3.2. If the Killing assumption above is replaced by (12.41) for some r, a not 
identically zero and 7, the conclusion stili follows on the support of a. If one then 
drops the r-dependency assumption on the soliton function /, ali that (12.41) implies, 
in combination with (12.81) . is that 'W df + 2t^^ dr Q df = (2r^)~^£(^2vj) g is Hermitian 
on the support of a. 

We will be especially interested in the case where a and 7 in (12. 4p are functions of 
T. We note that, this always holds for a in (12. 7p . while it holds for 7 there if both 
dr AdAr = and dr AdQ = 0. One may attempt to weaken these assumptions using 
methods akin to those of [6l (6.5) and Proposition 6.4]. We choose to foUow here the 
quicker approach of [H §1.4], which, however, works only for m > 2. 

Proposition 3.3. // ( [^.^[ ) holds for a Kàhler metric of complex dimension m > 2, 
and da A dr = 0, then d'j A dr = 0. 

Proof. Composing (12. 4p with J and applying d to the result gives da A d{i^r^ /2) = 
(da/dr) dr A d{i^r^/2) = dj A u, using [6l (5.3)] (here u is the Kàhler form of g). 
Exterior multiplication with dr gives dr Adj Au = 0, and the result follows because 
the operation Au is injective on 2-forms for m > 2. □ 

Thus the coefficients of the Ricci-Hessian equation (12. 7p will be functions of r, 
provided {M,g,T) is Kàhler of dimension m > 2, and g/r"^ is a Ricci soliton with 
soliton function proportional to t~^. 



6 



GIDEON MASCHLER 



3.2. Special Kàhler-Ricci potentials. Below, we denote by Mr the complement, 
in a manifold M, of tlie criticai set of a smooth function r. For a Killing potential 
on a Kàhler manifold, is open and dense in M. 

Defìnition 3.4. [6J A nonconstant Killing potential r on a Kàhler manifold (M, J, g) 
is called a special Kàhler-Ricci potential if, on the set Mr, ali non-zero tangent vectors 
orthogonal to Vr and JVr are eigenvectors of both V(ir and r. 

We will cali a metric admitting a special Kàhler-Ricci potential a s.k.r.p. metric, 
and occasionally will declare {g,T) to be a s.k.r.p. pair. Among the more important 
characteristics of such a metric is the existence of a Ricci-Hessian equation. More 
precisely 

Proposition 3.5. Corollary 9.2, Remarks 7.1 and 7.4] Let {M,g) he a Kàhler 
manifold of complex dimension m > 2. If ^2.4^ holds for some C°° functions a, 7 
and (nonconstant) r, with da Adr = 0, d'j Adr = and ada everywhere in M^-, 
then T is a special Kàhler-Ricci potential. Conversely, if (M, g) admits a Kàhler-Ricci 
potential T, then ^2.4^ holds on an open subset ofMr, namely away from points where 
Vdr is a multiple of g. 

Remark 3.6. In |6j, we have actually written the Ricci-Hessian equation in the form 
Vdr + xr = (T^f. Note that the domains of the coefficient functions may vary as one 
switches between these two forms. In general, any statement involving the Ricci- 
Hessian equation of a s.k.r.p. metric refers to the largest domain on which (12.41) 
holds. Moreover, this change results in a slightly different statement of the first part 
of Proposition 13.51 while to get the second part (and its proof), one need only to 
switch r with Vrfr in |6l second paragraph of Remark 7.4]. 

Corollary 3.7. If {M,g) is Kàhler, of complex dimension m > 2, and 'g = g/r^ ìs a, 
Ricci soliton, with soliton function òr^^, where ò is a Constant, then r is a special 
Kàhler-Ricci potential. 

Proof. We combine Propositions l2.4[ 1 3.31 and except that for a in (12. 7p . ada = Q 
on the set where r = {n — 2)/b and on the set where r = 2b/{n — 2), so that r is 
a special Kàhler-Ricci potential, and hence a Killing potential away from these sets. 
By [HI Lemma 5.2], Vdr is Hermitian away from these sets, yet it is also clearly 
Hermitian in the interior of each of these sets, so that by continuity, it is Hermitian 
on ali of Mt-. Again using |6l Lemma 5.2], this means that Vr is holomorphic on M^, 
which implies that the interiors of the above mentioned two sets are empty. As the 
s.k.r.p. condition is defined by equalities, continuity now implies that r satisfies it on 



By p, Definition 7.2, Remark 7.3], the s.k.r.p. condition on {g,T) is equivalent 
to the existence, on Mr, of an orthogonal decomposition TM = V © Ti, with V = 
span( Vr, JVr), along with four smooth functions 0, ip, A, fj, which are pointwise 
eigenvalues for either Vdr or r, i.e., they satisfy 



ali of Mr. 



□ 



(3.1) 



Vdrln 



Vrfr|v 



fig\v. 



This decomposition is also r- and Vrfr-orthogonal. 
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Remark 3.8. By P, Lemma 12.5], (p either vanishes identically on M^-, or never van- 
ishes there. In the former case, g is reducible to a locai product of Kàhler metrics 
near any point (see [6l CoroUary 13.2] and [TJ Remark 16.4]). In the latter case, we 
cali g a nontrivial s.k.r.p. metric. 

Remark 3.9. For a nontrivial s.k.r.p. metric, consider c = r — Q/{2(j)), with Q = 
g{y dr.V dr), and n = sgn((/))(Ar + XQ/cp), regarded as functions Mr ^ M. By [6l 
Lemma 12.5], c is Constant on M^, and will be called the s.k.r.p. Constant. In any 
complex dimension m > 2, we will cali a nontrivial s.k.r.p. metric standard if k is 
Constant (and also use "standard s.k.r.p. pair" as a designation for {g, r)). According 
to [ni §27, using (10.1) and Lemma 11.1], constancy of k holds if m > 2, so that the 
designation "standard" involves an extra assumption as compared with "nontrivial" 
only when m = 2. The geometrie meaning of k will be recalled in §5. li 

Remark 3.10. Using Proposition 13.51 for any s.k.r.p. metric, fl2.4p holds on points of 
Mr for which (j) ^ ip. On this subset, we regard (12.41) as an equation of operators, 
and equate eigenvalues to obtain acp + A = 7 = aip + /i, so that 

(3.2) X~ fi= {-^ -(j))a. 

According to (Gj Lemma 11. la], Q, Ar, 0, ip and /i are locally C°° functions of r 
on Mr- If 5» is a standard s.k.r.p. metric, A is also such a function, as one concludes 
from the equation defìning k. Hence, by (13.21) . the same holds for a on its domain of 
defìnition. 

4. Associated differential equations 

4.1. The s.k.r.p. differential equation. A number of ordinary differential equa- 
tions are associated with nontrivial s.k.r.p. metrics. Special cases of these were given 
in [6j. They are derived below from the Ricci-Hessian equation (12.41) . i.e. 

aVdr + T = j g. 

In the next proposition, a will be as in (12.41) . as in (13. ip . c and k as in Remark 
13.91 and a prime denotes the derivative operator d/dr. 

Proposition 4.1. Let {g,T) be a s.k.r.p. pair with g nontrivial, on a manifold M of 
complex dimension m. Then, the equation 

(4.1) (r - c)^0" + {t -c)[m-{T - c)a\(j)' - mcp = -sgn(0)fi;/2. 

holds at points of Mj. for which 0'(r) is nonzero. If g is standard, i4.1\) is an ordinary 
differential equation, which, upon differentiation and division by t — e, takes the 
homogeneous form 

(4.2) (r - c)(j)'" = [{t -c)a-m-2] 0" + [(r - c)a' + 2a] 0'. 

A special case of equation (14.20 was important in [8J, but is given here mainly for 
the sake of completeness. We will only be using equation (14.10 . 

Proof. By Remark 13. 10[ on Mr, each of Q, 0, ip, Ar and is locally a function of r. 
In fact, we have 

a) ^ = + (r - c)0', b) ^' = 20' + (r - c)0", 

^ ' c) Ar = 2m(P + 2(r - c)0', d) = -(m + 1)0' - (r - c)0". 
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Namely, P, Lemma ll.l(b)] gives 2-?/' = Q\ which yields ( 14 .Si a) (and hence fl4.3[ b)). 
since Q = 2(r — c)0 due to the definition of c. Next, fl4.3[ c) is immediate from 
fOlaì. as Ar = tigVdr = 2ip + 2(m - 1)0. Finally, 2/i = -(Ar)' by P Lemma 
ll.l(b)], and so, differentiating fl4.3[ c). we obtain fl4.3[ d). 

Next, by Remark I3.10[ equation (12.41) holds on points of M^. for which (p ^ ip. 
Since, using (I4.3[ a). the lattei inequahty holds when (r — c)0' 7^ 0, and r 7^ c on Mr 
(as Q = 2(r — c)0 and Q > on Mr), we see that this set consists exactly of the 
points of Mj- for which 0'('r) is nonzero. 

As on this subset of M^, (12. 4p holds, so does (13.21) . which along with Q = 2(r — c)0 
and the defìnitions of k and c easily yields sgn(0)fi;/2 = Ar/2 + (r — c)A = Ar/2 + 
(r — c)[/i+ (-0 — 0)a]. Replacing fi,ip and Ar with the expressions provided by (14. 3p . 
we get (14.11) . If g is standard, k is Constant, so a is a function of r by Remark [3.101 
Hence equation (14. ip is an ordinary differential equation, and (14.20 then follows as 
described in the body of the proposition. □ 

Remark 4.2. A converse statement to this result can be made, where (14. ip implies 
(12.40 for a standard s.k.r.p. metric, under the following extra assumptions. 

Let be globally a function of r, in the sense that it is the composite of r with 
some C°° function J' — M on the image interval /' = T{Mr). (That /' is indeed an 
interval is known, see [U §10 and §11].) Assuming 0', as a function of r, is nonzero at 
ali points of a dense subset of /', and (14. ip holds on J' for a C°° function a : J' ^ M, 
it follows that (12. 4p is satisfied on by a = a(r) and some 7. 

In fact, the assumption involving 0' means, as we have seen in the proof above, 
that (12. 4p holds on a dense subset of M^, with some a that must coincide with the 
one above: they both satisfy (14.10 with the same on a dense subset of /', and 
hence every where in /'. 

4.2. The differential equations in relation to Ricci solitons. Let {g, r) he a 
standard s.k.r.p. pair on a manifold M of complex dimension m. Suppose g/r"^ is a. 
Ricci soliton with soliton function 6r~^, where ò is a Constant. By Proposition 12. 4[ 
equation fl2yi|) holds on M\r"^(0), with 

(4.4) a = (2(m - l)r - ò)/r2. 

Hence, in this case, the differential equations appearing in Proposition 14.11 take the 

form 

(4.5) 

t^{t - c)^(j)" + (r - c) [mr^ - (r - c)(2(m - l)r - b)] 0' - mT^(j) = -sgn(0)KrV2 
and 

T%T - c)0"' = [(m - 4)r^ - (2(m - l)c + b)T^ + 6cr]0" + [2(m - l)r(r + c) - 26c]0'. 

These equations hold for r values corresponding to points of Mr on which 0'(t) is 
nonzero. 

Another ordinary differential equation is obtained on the same set as follows. The 
term 7 in (12. 4p is given, by Remark [3. 101 as 7 = aip + /i, and we substitute for ip and 
/i their respective expressions (I4.3[ a) and (I4.3[ d). to obtain 



7 = «0 + («(r — c) — (m + 1)) 0' — (r — c)0". 
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In the case at hand, 7 also has an expression derived from the last term of fl2.7l) . in 
which we replace Q by 2(r — c)0, and Ar by fl4.3[ c). Equating the two expressions, 
and replacing a by (14.41) . we get after rearranging terms and multiplying by r that 

- T^T - c)0" + [(2mr - 6)r(r - c) - T%m + 1)]0' 

(4.6) + [2(2m-l)r2-òr + 2(r-c)(6-(2m-l) r)]</) = er. 

The fact shown shortly, that (14. 6 p is not, in general, a consequence of (14.51) . is the 
main locai difference between the case where the s.k.r.p. metric is conformai to a 
non- Einstein Ricci soliton of the type we are considering, with b ^ 0, and the one 
where it is conformai to an Einstein metric (ò = 0). The latter was the object of 
study of [SIITI [8]. 

4.3. Solutions of the system { (14.51) . ( 14.61) }. To examine the solutions of the 
system { (14.51) . (14.61) }. we note the following 

Lemma 4.3. Let {(p' + p(f) = q, Acj)" + Bcj)' + Ccf) = D} he a system of ordinary 
differential equations in the variable t, with coejficients p, q, A, B, C and D that are 
rational functions. Then, on any nonempty interval admitting a solution cj), either 

(4.7) A(p2-p')_5p + C = 
holds identically, or 

(4.8) (t)={D- A{q' - pq) - Bq) / [A{j? - p) - Bp + C) . 
holds away from the (isolated) singularities of the right hand side. 

Proof. Let be a solution on an interval as above. We have (p' = q — p(f), so that 
(p" = q' — p'(t> — p(p' = q' ~ p'(t> — p{q — p(p) = {p^ — p')(p + q' — PQ- Substituting this in 
the second equation, while coUecting terms involving (p, gives 

(^(p2 ~p') - Bp + C)(l) + A{q' - pq) + Bq = D, 

from which the result follows at once. □ 

To apply this lemma to { (14.51) . (14. 6p }. we multiply (14. 6 p by (r — c)/r and add it 
to (14. 5p . giving a first order equation which, after multiplying by r, simplifies to 

t^{t - c)(r - 2c)(p' + [-mr^ + (2(2m - l)c + 6)r2 - (2(2m - 1^ + 36c)r + 2bc^](p 

(4.9) = -sgn(0)KrV2 + er(r — c). 

We will be applying Lemma SS] to the system { (I4.9p . (14.51) } (modifying (14.91) ap- 
propriately) . This system has, a solution set identical to that of { (14.51) . (14. 6p } 
(certainly on intervals not containing 0, c and 2c, and by a continuity argument, 
on any interval). To compute (14. 7p in this case, note that p, given as a ratio 
of the coefficient of (p to that of (p' in (14. 9p . has a partial fraction decomposition 
of the form p = m/{T — c) — l/(r — 2c) + b/r^ — {2m — l)/r. Similarly, q = 
sgn(0)fi;/(2(r - c)) + (e - 2sgn(0)Kc)/(2c(r - 2c)) - e/(2rc). Using A = t^{t - cf, 
B = {t — c)[mT'^ — {t — c)(2(m — l)r — 6)], C = —mr"^ and D = — sgn(0)A;r^/2, two 
long but direct computations gives 

.4Tnì D-A{q'-pq)-Bq = 0, 

^^■^^^ AÌp"" - p') - Bp + C = -26c(r-c)V(r(r-2c)). 

This immediately gives 
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Proposition 4.4. Suppose bc 0. Then the system m.5\ ), ^-6^ } has no nonzero 
Solutions on any nonempty open interval. 

Proof. Assume bc ^ 0. Then the second of equations fl4.10p does not vanish identically 
on the given interval. Hence Lemma 14.31 imphes that any solution is the ratio of the 
two equations in (14.101) . away from the point c. This ratio is the zero function. By 
continuity, { (14.91) . (14.51) }. as well as { (I4.5p . (I4.6p }. admit no nonzero solutions on the 
given interval. □ 

4.4. Solutions for the case c = 0. If c = 0, equations { (14.51) . (14.61) } take the form, 

, , rV + [(2 - m)r3 + 6r2] 0' - mr^ = -sgn(0)KrV2, 

^ > -rV + [((m - l)r3 - Òr2]0' + 6r0 = er, 

with m a positive integer, and b ^ 0. As special solutions, one can take sgn(K)/t/(2m) 
for the first, and e/6 for the second. A basis of solutions to each associated homoge- 
neous equation is given by {r™ exp(6/r), ^ yrn-i^i j _ where the sum ranges 
over / = . . . m — 1 for the first, and / = 1 . . . m — 1 for the second. Thus, the general 
solution to the system has the form 

(4.12) = A + E^ _ r' + Cr'"exp(ò/r) 

1=1 

for arbitrary constants A, B and C (where A represents the sum of an arbitrary 
multiple of b"^/m\ with sgn(K)K/(2m) + e/6). 

5. Geometry and duality for s.k.r.p. metrics 

5.1. Locai Geometry of s.k.r.p. metrics. We recali here the main case in the 
geometrie classification of s.k.r.p. metrics. Let vr : (L, (-, ■)) {N, h) he a hermitian 
holomorphic line bundle over a Kàhler-Einstein manifold of complex dimension m — 1. 
Assume that the curvature of (■, ■) is a multiple of the Kàhler form of h. Note that, 
if is compact and h is not Ricci fiat, this implies that L is smoothly isomorphic to 
a rational power of the anti-canonical bundle of A^. 

Consider, on L\N (the total space of L excluding the zero section), the metric g 
given by 

(5.1) g\n = 2\r-c\n*h, = Re {■ , ■) , 

where 

- V,7i are the vertical/horizontal distributions of L, respectively, the latter deter- 
mined via the Chern connection of (■,■), 

- c, a 7^ are constants, 

- r is the norm induced by (■,■), 

- r is a function on L^N, obtained by composing on r another function, denoted via 
abuse of notation by r(r), and obtained as follows: one fixes an open interval / and a 
positive C°° function Q{t) on J, solves the differential equation (a/Q) dr = d{logr) 
to obtain a diffeomorphism r(r) : / — > (0, oo), and defines r(r) as the inverse of this 
diffeomorphism. 

The pair {g,T), with r = r(r), is a s.k.r.p. pair (see [6^ §8 and §16], as well as [TJ 
§4]), and | Vr|^ = Q{T{r)). If g is nontrivial, the connection on L will not be fiat. The 
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Constant n of Remark 13.91 is the Einstein Constant of h, so that if g is nontrivial, it is 
in fact standard (for an arbitrary s.k.r.p. metric, h need not be Einstein if m = 2). 
Por g standard, or merely nontrivial, the s.k.r.p. Constant c (see again Remark 13.91) 
coincides with c of (15.11) . 

Conversely, for any standard nontrivial s.k.r.p. metric {M, J, g,T), any point in 
Mr has a neighborhood biholomorphically isometric to an open set in some triple 
{L\N, g,T{r)) as above (this is a special case of j6|, Theorem 18.1]). This biholo- 
morphic isometry identifìes span (Vr, JVr) and its orthogonal complement, with V 
and, respectively. Ti. Moreover, one can extend {g,T{r)) to ali of L, and then the 
biholomorphic isometry can also be defìned on neighborhoods of points in M^M^ [TJ 
Remark 16.4]. 

5.2. Duality for s.k.r.p. metrics. By Proposition 13.51 a s.k.r.p. pair {g,T) satisfìes 
a Ricci- Hessian equation (12. 4p . on points of the noncritical set Mr in which Vdr is not 
a mutliple of g. On this set (with t~^(0) excluded), the involution of §2.2l yields a new 
pair (^, r) , which also satisfìes a Ricci-Hessian equation. In general, not much can be 
said about ^. However, a special case of the affine change mentioned in Remark 12.31 
involves changing r by an additive Constant. This produces a new Killing potential 
t, with {g,t) a s.k.r.p. pair very closely related to {g,T). If the additive Constant is 
chosen to be minus the s.k.r.p. Constant c, applying the involution to {g,t) yields 
metrics which are Kàhler with respect to an oppositely oriented complex structure. 
In fact, they are even s.k.r.p. metrics. We provide a proof of this in the following 
proposition, for the sake of completeness. Similar less detailed statements appear in 
[HI Remark 28.4] and [H end of §5.5 and §5.6]. 

Proposition 5.1. Let g be a standard s.k.r.p. metric on (M, J), with Killing potential 
T and corresponding s.k.r.p. Constant e. Ift = T — c, then the associated pair (^, t) = 
{g/t'^, 1/t) is a standard s.k.r.p. pair on M\r^^(c). 

In fact, the proof will imply that the metric ^ is Kàhler with respect to the complex 
structure J given by J\n = J\n, J\v = —J\v, where H is the orthogonal complement 
of V = span (Vr, JVr). This structure, defìned on Mr, extends uniquely to M (see [TJ 
Remark 16.4]), and the corresponding extension of ^ (see end of §5.ip to M\r~^(0) 
is stili Kàhler with respect to it. 

Proof. By the classifìcation of s.k.r.p. metrics, it is enough to consider M as a subset 
of the model line bundle L of §5.11 Por simplicity, we take M = L\,N. On L, the 
complex structure J defìnes the complex conjugate bundle structure, which we denote 
L. We will show that the metric ^ is a s.k.r.p. metric, by constructing it explicitly 
as in §5.11 but on the line bundle L. This line bundle is smoothly isomorphic to 
the dual bundle L*, and hence the construction will transfer to a holomorphic line 
bundle, which is one of the requirements for the data used in §5. li The proof that 
such structures are Kàhler is indicated in [6l §16] (or, quite efficiently, via the methods 
in [1]). 

The metric ^ is obtained from the model metric g as follows: first replace (•,•), 
a, T and J, respectively, with the complex conjugate fiber metric (■, ■), the Constant 
a = —a, the function t = l/(r — c) and the open interval / which is the image of the 
decreasing diffeomorphism / 9 r — t G /. We then replace c by c" = 0, and have 
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Q replaced with a function Q which is a solution to the equation aQ/Q = adt/dr. 
Finally, using these new data, along with h, r and Ti, one defines a new standard 
s.k.r.p. metric exactly as in (15. ip . Note that the definition of Q guarantees that 
the required relation (à/Q) dt = d{ìogr) holds, and positivity of Q follows from its 
defining equation together with the fact that t(r) is decreasing. To conclude that this 
standard s.k.r.p. metric is indeed g = g/ij — c)^, one computes its two factors to be 
2\t-^ = 2/\t-c\ and Q(^)/{arf = -[Q{T)/{arf] dt/dr = Q{T)/[{arf{T-cf]. □ 

Remark 5.2. In the case c = i.e. c = we have t = 1/r, so that t) = (jÌ,t^)- 
Then, by Remark l3.9l one has Q = 2x0, and similarly for Q. Hence (f)/(f) = tQ / (tQ) = 
— {r/t) dt/dr = — (r/(l/r)) ■ (— = 1, i.e. (f){t) = (j){T). The same conclusion can 
be reached without the use of the geometrie description of s.k.r.p. metrics in §5.H by 
restricting (12. 2p to Ti. and using (13. ip and Remark 13. 9[ 

Remark 5.3. Stili assuming c = 0, and using ali the above conventions, suppose 
one fixes ali the data defining g in (15. ip . except for Q = 2r</), which varies only by 
changing 0(r) in the solution space of equation (14. ip . If, in these circumstances, for 
each such solution, e/)' satisfies the requirement in Remark 14. 2 ^ it follows that (12. 4p . 
and in particular, a = «(r) does not vary for ali these metrics. As they ali share 
the same associated equation (14. ip . the corresponding dual metrics ^ also share their 
own associated equation (14. ip . written with t = t and a, the latter determined as 
in (12. 5p . Since the solution space determines the coefficients of a linear differential 
equation, the result (j){t) = (f){T) now implies that (14. ip for (^, r) is obtained from 
(14. ip of {g, t) simply by the change of variable r — > r = 1/r. 



6. Proof of the Theorem A 

Theorem 6.1. Given a standard s.k.r.p. pair {g,T), if^= g/r"^ is a non-Einstein 
Ricci soliton with soliton function a multiple of t^^ , then ^ is Kàhler, and locally of 
the type given by Koiso in [lOj (or Cao in [4]j. 

Proof. In fact, as the pair {g, r) is standard, the associated function cannot be 
identically zero (see remark [XH]). But then, as a function on the image of r, the 
function solves the system { (I4.5p . (14. 6p } only if òc = (here òr~^ denotes, as in 
§4.2[ the soliton function). As ^ is a non- Einstein Ricci soliton, 6 7^ (Remark 
12. 5p . Hence the s.k.r.p. Constant c is zero. This implies, by Proposition 15.11 and 
the paragraph past it, that the soliton ^ is Kàhler on M\r~^(0), with respect to a 
complex structure oppositely oriented to that with respect to which g is Kàhler. By 
Remark 15. 2[ 0(r) = 0('r), so that, using (14. 12p and the definition of c in Remark 13. 9[ 

Q = 2f = - 

T 

for some constants A,B,C. It is known (cf. |3i §2]) that a metric ^ with the char- 
acteristics given in §5.11 and such an expression for Q, is (locally) of the form found 
by Koiso. □ 



1 -un—I 1 1 

(m — /)! r r™ 



We end with the 
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Proof of Theorem A. Let M he of dimension at least six, with ((7, r) a pair for which g 
is Kàhler. If the associateci pair (jj, r) is a Ricci solitoli, then, by Corollary 13.71 {g, r) 
is a s.k.r.p. pair. (This will also hold in dimension four if Q and At are r-dependent, 
see the paragraph before Proposition 13.31 ) The non-reducibilty assumption on g 
imphes, in these dimensions, that it is a standard s.k.r.p. metric. As the metric ^ 
cannot be Einstein by Remark l2.5[ Theorem 16. Il imphes that ^is Kàhler (and locally 
of the type given by Koiso). 
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